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ABSTRACT
Hydrodynamics instabilities in rotating stator/rotor cavity flows are of first interest for
aerospace companies. Indeed, those self sustained flow waves can be at the origin of a
resonating loop which involves the structure resulting in the potential destruction of tur-
bomachinery parts. This paper aims at giving a deeper understanding on the source of the
flow oscillations by investigating a rotating cavity flow by use of a global stability analysis
in parallel to a Large Eddy Simulation (LES). In particular and for flows with multiple
frequencies, mode dominance and interactions can be difficult to address with linear anal-
yses. To better apprehend such equilibrium, a numerical tool named Dynamical Mode
Tracking and control (DMTC) is proposed here and tested on the basis of LES. In the
case of the stator/rotor cavity, without control, i.e, DMT enables to validate the source
of the different modes in agreement with previous studies and linear stability. Finally by
controlling the modes one by one with DMTC, interactions between the modes and mode
dominance is evidenced.

INTRODUCTION
Design of aerospace turbomachinary is still a great challenge. Indeed, the origin of some

unsteady phenomena still remains difficult to point out or control and they can become particu-
larly dangerous in specific circumstances. Those hydrodynamic instabilities can appear in sta-
tor/rotor cavity of space turbopumps and correspond to high frequency oscillations of the flow
sustained by the rotor rotation. Even though complex, this multi frequency phenomenon has
also been observed in academic annular stator/rotor cavities [Bridel-Bertomeu (2016),Bridel-
Bertomeu et al. (2016)] in the configuration of Tuliszka et al. (2002). Due to its relevance
in to industry, stator/rotor configurations have been quickly investigated [Ekman (1905), Von
Karman (1921), Bodewadt (1940), Lingwood (1995) and Itoh (1991)] and different operating
scenarios determined by the aspect ratio between the two disks and the Reynolds number can
be found in Schouveiler (2001) or Lopez and Weidman (1996). In order to study the activity
of cavity flows, linear stability analyses were first conducted between a stationary and rotating
infinite disks for which an auto similar solution (Batchelor profile [Batchelor (1951)]) exist and
was used as base flow [Itoh (1991)]. Healey (2007) showed a decade later that the boundary
layers developping around the shroud was at the source of propagating growing waves in the
radial direction. This specific effect of the shroud was confirmed by Tuliszka et al. (2002) who
combined local stability analyses and Direct numerical simulation (DNS) to evidence the abso-
lute/convective nature of flow transition in enclosed rotating systems. This numerical study also
confirmed the capability of Computational Fluid Dynamic (CFD) to capture the annular and spi-
rals structures as observed by Schouveiler (2001). Recently, studies [Bridel-Bertomeu (2016),
Queguineur et al. (2018)] relying on LES [Sagaut (2002)] and Dynamical Mode Decomposition
(DMD) [Schmid (2010)] as well as linear stability analyses allowed a deeper investigation of
the trigger of global modes in such systems. In this case, Bridel-Bertomeu (2016) used a local
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stability approach to locate the wavemaker of each reported mode. Queguineur et al. (2018) ex-
panded this first study by analyzing the flow using a global stability analysis. This last method,
contrary to a local approach, enables to compute more easily adjoint modes allowing to con-
duct optimisation studies. Indeed, based on the adjoint mode and the direct mode Giannetti
and Luchini (2007) showed that by computing a structural sensitivity field, one can access to
the region of the flow at the source of a mode. Besides the mode origin, one particular interest
here is the understanding of mode interactions and their control. Bridel-Bertomeu (2016) ob-
served that the three modes constituting the global activity of the cavity had frequencies linked
by a linear combination. From this observation the authors suspected that non linearities can
generate interactions between those modes and in particular that the dominant mode create the
low frequency mode. In that context, a new method named Dynamical Mode Tracking (DMT)
[Queguineur et al. (2019)], based on the Selective Frequency Damping (SFD) method [Åkervik
et al. (2006)] is introduced to analyze flow features on the basis of LES. DMT has the benefit to
compute on the fly a flow feature with a given frequency saving simulation time and memory in
comparison to post processing tools like POD [Lumley (1967)] or DMD Schmid (2010)]. Once
validated, this information can be used as a support to actively control the mode by adding a
relaxation term in the CFD solver, as done with SFD. This second tool, named hereafter Dy-
namical Mode Tracking and Control (DMTC), allows to follow the evolution of a controlled
mode as well as a non controlled ones and thereby observe interactions while giving access to
mode dominance in the established limit-cycle.

The paper is organized as follows: The configuration is first introduced followed by the
global stability analysis and the DMT/DMTC mathematical formulations. The result section
provides a description of the analysis obtained by use of a global stability and sensitivity analy-
ses of the rotor/stator cavity. Finally, DMT is applied to illustrate its use and capacity followed
by use of DMTC to evidence mode interactions..

CONFIGURATION OF INTEREST
The flow of interest to the present paper corresponds to the academic stator/rotor cavity

designed by Tuliszka et al. (2002). A scheme of this cavity is displayed Fig.1a along with
cylindrical coordinate system: (r,θ,z) retained. The stationary disk will be referred as the stator
and the rotating disk as the rotor which has a rotation rate noted Ω. To describe the full geometry,
3 parameters are usually defined: h the gap between the rotor and the stator, R1 the external
radius and R0 the hub radius. The operating point of the system is set thanks to the aspect ratio
G = h/R1, the curvature parameter Rm = (R1 + R0)/(R1 − R0) and the Reynolds number
ReG = ΩR2

1/ν, with ν the viscosity of the flow. The main features for this study are summed
up in Fig. 1b.

THEORY AND ANALYSIS TOOLS
Global stability analysis
Linear stability analysis was first used by Orr (1907) and Sommerfeld (1908) and it is only

with the increase of computing performance in the 90s that global stability analysis emerged.
The mathematical formalism of the global stability analysis is introduced here, more details
being available in the review of Theofilis (2011). For this approach, the velocity u and pressure p
fields are decomposed in a 2D base flow (U, P ) and an unsteady three-dimensional perturbation
(ũ, p̃) such as:
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Figure 1: (a) Representation of the academic annular stator/rotor cavity of Tuliszka: rotor, stator.
(b) Cavity features and operating point

{
u(r, θ, z, t) = U(r, z) + ũ(r, θ, z, t),
p(r, θ, z, t) = P (r, z) + p̃(r, θ, z, t),

(1)

with U = (Ur, Uθ, Uz)
T and ũ = (ũr, ũθ, ũz)

T . The stability of the axisymmetric incom-
pressible base flow is examined by considering infinitesimal perturbations which satisfy the
unsteady equations linearized about the base flow,

∇ · ũ = 0,
∂ũ
∂t

+∇ũ · U +∇U · ũ +∇p− 1

ReG
∇2ũ = 0.

(2)

By assuming small amplitude and time periodicity for the perturbations, one can formulate
(ũ, p̃) as,

[ũr, ũθ, ũz, p̃]
T = [ûr, ûθ, ûz, p̂]

T (r, z)exp[(i(mθ − ωt)], (3)

where ûr, ûθ, ûz and p̂ represent the eigenvectors and ω stands for the complex frequency ω =
ωr + iωi whose frequency is ωr and ωi is the growth rate of the mode. Finally, m stands for
the azimuthal wavenumber, i.e, m = 0 corresponds to a mode of annular structure while for
|m| > 0 spiral structures with m arms are expected.

Inserting the perturbations expression Eq. (3) in Eq. (2), the eigenvalue system is obtained,

Aq̂ = ωq̂, (4)

for which q̂ = [ûr, ûθ, ûz, p̂]
T is the eigenfunction or mode corresponding to ω.

For optimization, adjoint problems are usually introduced and allowed to compute sensitiv-
ity maps, i.e, solving a problem under specific constraints. In fluid mechanics, those methods
enable a deeper understanding of flows which is essential to set up control strategies. For our
specific problem of stability, the adjoint modes of q̂, noted q̂+, are obtained by introducing the
adjoint of A noted A+ resulting in the adjoint problem reads,

A+q̂+ = ω∗q̂+, (5)

3



where ω∗ denotes the complex conjugate of ω.
Note that, the adjoint mode is also refered as the left eigenmode or the receptivity of the

flow as described by Hill (1992), i.e, the location where the flow feedback is strong to harmonic
pulsations. From the adjoint mode, one can construct the structural sensitivity [Giannetti and
Luchini (2007)] to point out the region of the flow at the origin of a mode,

S(r, z) =
‖ q̂+ ‖2‖ q̂ ‖2
| (q̂+, q̂) |

, (6)

where (·, ·) corresponds to the scalar product defined as (q1, q2) =
∫
q1 · q2 dS and ‖ · ‖2 stands

for the associated L2 vector norm. The location of highest sensitivity corresponds to the wave
maker or in other words, the region where a perturbation triggers the observed mode.

Dynamic Modes Tracking (DMT)
The mathematical formulation of DMT method [Queguineur et al. (2019)] is introduced in

this section. Being in the context of fluid mechanics, the original set of governing equations are
the non-linear compressible Navier-Stokes (NS) equations symbolically expressed using,

q̇ = F (q), (7)

where q stands for the state vector of the conservative variables: i.e. q = (ρ, ρui, ρE) with
i ∈ [1, 2, 3] for a fully 3D problem, ρ being the fluid density, ui the velocity components and E
the total energy.

The Selective Frequency Damping (SFD) introduced by Åkervik et al. (2006) aims at com-
puting a steady state flow solution to be used as the base flow equations for a linear stability
analysis. To do so, the flow is forced to a steady state q̄ solution of the low pass filtered NS
expressed by: {

q̇ = F (q)− χ(q − q̄),
δ ˙̄q = q − q̄,

(8)

where χ is a relaxation coefficient and δ is the characteristic filter width .
Revoking the context by taking a classical second order stop band filter Tsf in place of a low

pass filter which transfer function Ĥsf reads,

Ĥsf (ω, ω0, β) =
ˆ̄q

q̂
=

ω2
0 − ω2

ω2
0 + iβω − ω2

, (9)

One can extract a specific flow feature. In Eq. 9, β is the filter bandwidth and f0 the cutoff
frequency so that ω0 = 2πf0. From dynamic system theory, it is known that with this form the
bandwidth dictates the selectivity of the filter will also affect the attenuation / gain of the output
variable.

As for the original approach, the filtered variable q̄ can be expressed as a convolution prod-
uct,

q̄(t) =

∫ ∞
−∞

Ĥsf (ω)q̂(ω)exp(−iωt)dω, (10)

which is solution to a second order ordinary differential equation only function of time,

¨̄q − q̈ + β ˙̄q + ω2
0(q̄ − q) = 0. (11)
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The main benefit of this method comparatively to SFD is to enable to track dynamically a
given feature at a given pulsation ω0 thanks to Eq. (11). In fact, q̄ being the flow without the
frequency ω0/2π, q − q̄ gives the flow response at ω0 as time evolves. Most known methods
to analyse the modal activity of a system are usually used as post processing tools and can be
sensitive to noise and memory demanding. Contrarily, the proposed approach can be easily
implemented in a NS solver and computes on the fly flow features. In the following, the method
will be referred to as Dynamic Mode Tracking (DMT) and will correspond to the NS system
augmented by a set of second order ordinary differential equations following Eq. (11). Inputs
are instantaneous NS solutions provided by the CFD solver and (ω

(n)
0 ; β(n)) values for each

equations if multiple modes are to be retrieved. For Nmodes, the final CFD solver hence solves,
q̇ = F (q),

For n = 1...Nmodes

¨̄q(n) − q̈ + β(n) ˙̄q(n) + (ω
(n)
0 )2(q̄(n) − q) = 0.

(12)

One interest behind the above approach is that by applying a relaxation term to the mo-
mentum and energy NS-equations as done with the orginal SFD method, an artificial control of
flow features can be obtained. The benefit of this frequency dependent feedback control loop is
to avoid the presence of specific flow instabilities and is well adapted to linear problems. For
more complex flows, such a loop provides access to more understanding of mode coupling in
multi modal systems or limit cycles. This variant of DMT is here referred to as Dynamic Mode
Tracking and Control (DMTC) and corresponds to the following system,

q̇ = F (q)−
Mcontrolled modes∑

m

χ(m)(q − q̄(m)),

For n = 1...Nmodes

¨̄q(n) − q̈ + β(n) ˙̄q(n) + (ω
(n)
0 )2(q̄(n) − q) = 0.

(13)

where χ(m) is the relax coefficient.

RESULTS ANS DISCUSSION
The results presented in this paragraph focus on the stator/rotor cavity flow presented in Fig.

1. First, the mean flow issued by a Large Eddy Simulation (LES) of the cavity [Bridel-Bertomeu
(2016), Queguineur et al. (2018)] is used to conduct the global stability analysis. To do so, the
code GIFIE developed by Bridel-Bertomeu (2016) is used to solve the eigenvalues problem of
Eq. (4). All the azimuthal modes m between 0 and 40 are computed and are analyzed in this
first paragraph. Figure 2a represents the associated growth rates found at eachmwith frequency
shown in Fig. 2b. Contrary to the local stability approach [Bridel-Bertomeu (2016)], the global
stability analyis extract a mode with a positive growth rate for all the azimutal numbers except
form ∈ [5, 9]. Among the unstables modes, 3 areas can be distinguished: The annular mode for
m = 0, the mode m = 12 and the family of modes around m = 29 which matches the results
of Bridel-Bertomeu (2016). The mode m = 29 being particularly marked in the region of the
stationary disk , will be referred to as the stator mode. For the same reason, the mode m = 12
will be referred to as the rotor mode.

A comparison between DMD and Global Stability Anlysis (GSA) is displayed in Fig. 3 with
the rotor mode in Fig. 3a and the stator mode in Fig. 3b. The main spiral patterns are retrieved
here in the case of the stator mode. One can also see that the recirculation around the hub is
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Figure 2: (a) Growth rate ωi and (b) the frequency ωr function of the azimuthal wavenumber m (m ∈
[0, 40]). The results have been normalized by the rotor rotation rate.

not well reproduced by GSA which is attributed to a non linear effect or potential issues of
convergence of DMD. On the other hand, the rotor mode is well reproduced but the departure
of the perturbations on the stator seems shifted in space compared to DMD. Both modes are
present around the hub which suggests a possible interaction.

Figure 3: Axial velocity fluctuations of (a) the stator mode (m = 29) (b) the rotor mode (m = 12) with
the DMD (upper) and global stability results (lower).

All the results derived from the adjoint mode are shown in Fig 4a for the stator and Fig. 4b
for the rotor. Figure 4 (upper) corresponds to the associated receptivities while Fig. 4 (lower)
are the sensitivities. For both stator and rotor modes, the adjoint and direct eigenmodes mark
the cavity at different locations which indicates convective non normalities [Chomaz 2005].
The streamwise advection of perturbations due to the base flow has to be taken into account to
retrieve the good amplitudes and spatial distribution of the stator and rotor mode. To sum up,
the adjoint modes highlight that to shift the direct mode frequency or stabilize them, harmonic
forcing would be necessary to be applied on the boundary layer of the stator around r = 0.195m.

Structural sensitivity gives more information about the mode origin. As one can see, the
highest feedback for both modes are located in the stator boundary layer. Hence, even though
the rotor mode is fully expressed in the limit cycle in the rotating disc, it comes from the stator
mode and is amplified though the hub boundary layer. In the next paragraph, DMT is applied
to understand mode dominance and potential interactions as produced by the LES.

To do so, first, DMT is used along with LES to track the 2 main modes of the cavity with
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Figure 4: Adjoint computation results of (a) the stator mode (m = 29) (b) the rotor mode (m = 12) with
the receptivity (upper) and sensitivity results (lower).

a narrow bandwidth of 20Hz. The convergence of the mode axial velocities captured by DMT
are displayed in Fig. 5c and Fig. 5d for the stator and rotor mode respectively in a plan located
in the stator boundary layer at z = 0.034m. To complement this spatial vision of both modes,
a numerical probe has been placed around the location of the maximum of the axial velocity
fluctuations for each mode to extract the mode signal shown in Fig. 5a for the stator mode and
Fig. 5b for the rotor mode. Clearly, DMT retrieves here the characteristic spiral patterns with
29-arms for the stator mode and 12-arms for rotor mode. Note that both features require only
3 periods to obtain an accurate shape of the mode which is as discussed a function of the filter
bandwidth.

A
B

C

D E

F

Figure 5: Axial velocity perturbation from the DMT with (a) the stator mode (m = 29) and (b) the rotor
mode (m = 12) results, respectively at the probe (r,θ,z) = (0.16,0,0.0352) and (r,θ,z) = (0.225,0,0.001).
3 axial velocity fields at t = [0.02s, 0.06s, 0.24s] are displayed for the stator mode in (c) and the rotor
mode in (d) in a plan located at z = 0.034m.

Thanks to DMT ”on the fly” capacity, one uses DMTC to analyse mode interactions. To
evaluate the temporal response of the system, one defines Em

v the kinetic energy of the mth

mode which is then followed in time,
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Figure 6: Kinetic energy (Eq. (14)) of (a) the stator mode (m = 29) and (b) the rotor mode (m = 12)
obtained with the DMTC. 3 axial velocity fields at t = [0.25s, 0.3s, 0.8s] are displayed for the stator
mode in (c) and the rotor mode in (d) in a plan located at z = 0.034m.

Em
v =

∫
V

ρ
(u− ū(m))2

2
dv m = 12, 29 (14)

At first, only the stator mode is controlled with a relaxation coefficient of 50. Figures
6a and 6b display respectively the non dimensional energy, Eq. (14), of the stator and rotor
modes the latter being not controlled. Three instantaneous axial velocity fields in Fig. 6c and
6d have been extracted to visualize respectively the stator and rotor mode as they evolve in
time. The stator mode is damped really quickly : i.e after 3 transitional growths Fig. 6a. The
corresponding instantaneous field Fig. 6c, shows that only residues of the mode are present
after a long simulation time. At the same time, the rotor mode is also progressively suppressed.
The response of this mode is however slower than the stator mode. Indeed, as shown in the
instantaneous fields in Fig. 6d, the mode is progressively altered and becomes disymmetric,
indicating that the rotor mode can not exist without the stator mode.
In a second study the rotor mode is damped while the stator mode remains uncontrolled. Figure
7 presents the results associated following the organization of Fig. 6. As one can see, despite a
slight amplification, the stator mode is not really impacted by the rotor damping while the rotor
mode disappear as time progresses. These results confirm that the stator mode is at the origin
of the rotor mode which agrees also with the sensitivity analysis conducted previously.
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Figure 7: Kinetic energy (Eq. (14)) of (a) the stator mode (m = 29) and (b) the rotor mode (m = 29)
obtained with the DMTC. 3 axial velocity fields at t = [0.25s, 0.3s, 0.8s] are displayed for the stator
mode in (c) and the rotor mode in (d) in a plan located at z = 0.034m.

CONCLUSION
Stator/rotor cavity flows are known to be prone to hydrodynamic instabilities that can com-

promise the proper functioning of space turbomachinery components like the turbine of a tur-
bopump. Deeper understanding of how those flow oscillations work, interact and establish is
hence essential. As shown in previous studies, this phenomenon can be observed in a simple
annular stator/rotor cavity like the Tuliszka cavity [Tuliszka et al. (2002)]. For this specific
cavity, the present contribution first focuses on the Dynamical Mode Decomposition compared
to a global stability analysis. Good agreement is found for the main modes confirming that
the Linear Stability Analysis (LSA) can predict appearing modes. Investigation of sensitivity
and receptivity resulting from LSA give new insight on the mode origins and possible control
strategies to stabilize such flow. Thanks to such results and to better understand mode interac-
tions at the limit cycle, a feature that LSA can not provide, a new method named DMT is then
introduced. Constructed so as to evidence a specific mode in a CFD simulation. DMT is found
to retrieve the spiral patterns of the DMD and LSA analyses. In its DMTC version, the method
is also shown to enable the control of individual modes as desired. In this context, damping the
rotor mode proves to have no effect on the stator mode. Contrarily, suppressing the stator mode
induces a rotor mode that is progressively attenuated, signifying that it can not live without
the stator mode. As a consequence to stabilize the whole cavity or to shift the main instability
frequency only a control of the stator mode seems necessary.
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