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ABSTRACT
The efficient prediction of wetness and droplet size in steam turbine flows is still a challenge
in Computational Fluid Dynamics nowadays. Most of the time, polydispersed models (i.e. nu-
merous radii are considered) such as the sectional method, involve a large number of transport
equations, and can be computationally unstable. In this paper, the polydispersed Quadrature
Method of Moments (QMOM) is tested and compared with a classical, monodispersed (i.e. only
one representative radius is considered) two-equation model. The use of the QMOM method is a
step toward the description of the Particle Size Distribution in a context of large industrial CFD
calculations: only a few equations are transported and a coarse distribution is computed. Aca-
demic test cases dealing with unsteadiness and shock wave instabilities in nozzles highlight the
ability of the QMOM method to handle polydispersion and unsteadiness in flow fields similar to
those encountered in steam turbines. The QMOM method has shown a very stable behaviour
and proved to be a very good tool for condensation prediction in industrial applications.

NOMENCLATURE

A nozzle cross-section qc correction factor
c sound speed r droplet radius (or abscissas)
cp specific heat at constant pressure RH2O water constant
e, E static, total internal energy s entropy
f particle size distribution function t time
F fluxes u velocity
g growth law W conservative variables
h, H static, total enthalpy w weight
J nucleation rate x position
Lh latent heat y liquid mass fraction
m mass of a droplet Y primitive variables
N droplet number per unit mass of mixture Kn Knudsen number
p pressure Pr Prandtl number
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Sup- and Subscripts Greek letters
32,2eq Sauter and average radius β correction factor
˙ time derivative δ Dirac operator
* single vapor molecule γ ratio of specific heats
c critical size Λ thermal conductivity
int intermediate state λ eigenvalue
m, g, l mixture, gas, or liquid phaseµ moment of a distribution
num numerical ν specific volume
R, L right, left ψ passive scalar
sat saturation condition ρ mass density
,̃¯ Roe average σ surface tension

INTRODUCTION
Steam condensation in power plants turbines is an importantissue as it induces critical losses of

efficiency and damages the turbine blades by erosion. This phenomenon is complex and depends on
many parameters, such as non-equilibrium real gas effects,turbulence and flow unsteadiness. There-
fore, realistic CFD simulations of condensing flows requiremany efforts. The use of efficient and
advanced CFD models is of major concern, as it leads to a better understanding of the flow field in
turbines. Currently, monodispersion of the droplet sizes is mainly considered. This hypothesis is
strong, since it has been experimentally observed that the droplet size distribution is broad in steam
turbines. But, taking polydisperson into account in an Eulerian frame of reference is often tricky, time
consuming, unstable (White, 2003), and thus not yet feasible for large industrial calculations. In an
industrial framework, the QMOM method looks like a good compromise between the full resolution
of the particle size distribution and monodispersed models. The method is efficient, the number of
transport equations is relatively low, and a coarse dropletspectrum is computed. QMOM was intro-
duced by McGraw (1997), and applied to nucleating wet steam flows by Gerber and Mousavi (2007).
But there are still some uncertainties on the ability of the QMOM method to handle unsteadiness and
strong discontinuities. These issues are treated through academic validation cases in this paper, and
compared with a less advanced, monodispersed two-equationmodel.

GOVERNING EQUATIONS
A one-dimensional code has been developed to solve unsteady, compressible, non-viscous flows

of wet steam in nozzles. Single-fluid, mono-pressure modelsare considered here: the static pressure is
the same for the gaseous phase and for the liquid phase. The velocity slip between phases is neglected,
because droplets created during the nucleation process aretiny, less than 0.2µm in radius, and are
supposed to travel at the gaseous phase velocity. Viscous effects and heterogeneous condensation
(condensation around existing nuclei) are also not taken into account for the moment.

Mixture model
Under the considerations exposed above, the governing equations for the mixture are written, in

quasi-1D form (Anderson, 1995):

A
∂(ρm)

∂t
+
∂(ρmumA)

∂x
= 0

A
∂(ρmum)

∂t
+
∂(ρmu

2
m + p)A

∂x
= −p

∂A

∂x

A
∂(ρmEm)

∂t
+
∂(ρmumHmA)

∂x
= 0 (1)
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Liquid phase
A liquid phase model, together with the appropriate thermodynamic relations (see equation (15)),

is required to close the equation system (1). In this study, the choice has been made to use two different
models. The first one is a simple and widely used two-equationmodel, assuming a mono-dispersion
of the droplet sizes. The second one, namely the Quadrature Method of Moments, is mainly used for
aerosol modelling, and only few authors used it for non-equilibrium condensation in wet steam (to
the authors knowledge, the use of QMOM for wet steam flow has been presented only by Gerber and
Mousavi (2007)). This model has the advantage of assuming several radii, so that a coarse spectrum
can be computed.

Two-equation model
The mono-dispersed two-equation model has the advantages of simplicity, robustness and low

computational cost.

∂(ρmy)

∂t
+
∂(ρmumy)

∂x
= ρm (Nṁl +ml,cJ)

∂(ρmN)

∂t
+
∂(ρmumN)

∂x
= ρmJ (2)

The model is composed of two transport equations: the first one represents droplets mass con-
servation (the liquid mass fraction is transported) and thesecond stands for the conservation of the
droplet number. The source term in the right hand side of the first equation represents the creation
of mass due to the growth of the liquid phase (condensation around existing droplets) and the mass
created by the appearance of new droplets in the flow. The source term in the right hand side of the
second equation represents the creation of new droplets,J being the nucleation rate per unit mass of
mixture. Finally,r2eq is the mean radius, defined as:

r2eq =

(

3

4πρl

y

N

)1/3

(3)

Quadrature Method of Moments
The Quadrature Method of Moments is a more advanced method. Here, the moments of the

Particle Size Distribution (PSD) are tracked. The transport equation for the PSD incuding nucleation
and growth can be written:

∂(ρmf(r))

∂t
+
∂(ρmumf(r))

∂x
+
∂(ρmf(r)g(r))

∂r
= ρmJδr−rc , (4)

g(r) being the droplets growth law andf(r) the distribution function. The full resolution of the PSD
being complex and highly time consuming, only its first moments are transported. The moments can
be written in integral form:

µk =

∫

∞

0

rkf(r)dr (5)

Combining equations (4) and (5), one can easily deduce an equation set based on the moments of
the PSD, withrkf(r) vanishing forr → 0 andr → ∞ (White, 2003):

∂(ρmµk)

∂t
+
∂(ρmumµk)

∂x
= kρm

∫

∞

0

rk−1g(r)f(r)dr+ ρmJr
k
c , (6)

In the framework of the Standard Method of Moments (SMOM), the integrand on the right hand
side of (6) is evaluated directly by assuming a constant, linear, or power-series growth law (White,
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2003). Here, in the QMOM framework (McGraw, 1997), one can avoid those approximations on the
growth law. The integrals is approximated by means of an n-point quadrature rule:

k

∫

∞

0

rk−1g(r)f(r)dr ∼= k

n
∑

i=1

rk−1

i g(ri)wi (7)

Using this quadrature rule, the growth law does not need to beintegrated and any form can be
used. The transport equations for the moments are written, using (4) and (7):

∂(ρmµk)

∂t
+
∂(ρmumµk)

∂x
= ρmk

n
∑

i=1

rk−1

i g(ri)wi + ρmJr
k
c (8)

The last issue with the QMOM method is the computation of the abscissas (i.e. radii) and weights
(i.e. droplet number). Wheeler’s algorithm (see orthog andgaucof subroutine from Press et al.
(1992)), which has been succesfully compared with other methods such as the Product-Difference
or the Golub-Welsch algorithms (John and Thein, 2012) is used in this paper. Using quadrature al-
gorithms,n/2 abscissas and weights are computed usingn moments. Due to the complexity of the
algorithm (eigenvalues and eigenvectors of a tridiagonaln∗nmatrix have to be found), this method is
limited to reasonable numbers of weights and abscissas, otherwise precision and stability issues might
occur. The liquid mass fraction and the average droplet radius are functions of the first moments:

r32 =
µ3

µ2

and y =
4πρlµ3

3
(9)

Condensation model and thermodynamic relations
Nucleation theory has been studied by many authors (see Bakhtar et al. (2005) for a review). In

this study, classical, widely used, and up to date formulations have been used. The first parameter is
the critical radius, which is the minimal radius to ensure the stability of the droplets in the flow:

rc =
2σTsat(p)

ρlLh(Tsat(p)− Tg)
(10)

The number of droplets created during the nucleation process is defined by the nucleation rate, that is
written per unit mass of mixture withζ the Kantrowitz correction (Kantrowitz, 1951):

J =
qc

1 + ζ

(

2σ

πm3
∗

)1/2
ρm
ρl
exp

(

−
4πr2cσ

3kBTg

)

, ζ =
2(γ − 1)

γ + 1

Lh

RH2OTg

(

Lh

RH2OTg
− 0.5

)

(11)

Once the droplets are nucleated, they grow quickly. The growth law used for the two-equation and
the QMOM methods is written (Young, 1982):

g(r) =
dr

dt
=

Λg(1− rc/r)(Tsat(p)− Tg)

ρlrLh

(

1

1 + 2βKn
+ 3.78(1− ν)

Kn

Pr

) , (12)

with the correction factorν given by:

ν =
RH2OTsat(p)

Lh

(

α− 0.5−
2− qc
qc

γ + 1

2γ

cpTsat(p)

Lh

)

(13)

Finally, the closure of the system is ensured by the thermodynamics of the gaseous phase, of the liquid
phase, and the condensation model. The choice has been made to use the IAPWS-IF97 formulation
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(IAPWS, 2007), with its extension to the metastable (or subcooled) region. Properties such as specific
volume, entropy, enthalpy, etc. are given as functions of pressure and temperature. The temperature of
the gaseous phase is given as a function of pressure and entropy (or enthalpy). For the liquid droplets,
the evaluation of the temperature is given by:

Tl = Tsat(p)− (Tg − Tsat(p))
rc
r

(14)

Then, mixture properties are computed using the following relations, taking the liquid phase proper-
ties at the saturation temperature:

vm = (1− y)vg + yvl, em = (1− y)eg + yel, (15)

with
vg(p, Tg), vl(p, Tsat(p)), eg(p, Tg), el(p, Tsat(p)). (16)

The relations (15) and (16) are also valid for enthalpy, entropy, and sound speed.

NUMERICAL TREATMENT
The first order finite volume discretization of equation systems (1) and (2) (or (1) and (8)) is

performed using theV FRoencv scheme (Volumes-Finis-Roe with non-conservative variables) in a (s,
u, p) formulation. This scheme solves a linearized Riemann problem, and is well suited for real gas
Equation of State (Buffard et al., 2002). Furthermore, its implementation is relatively easy. Using a
first order explicit Backward Euler temporal scheme, the evolution of the solution is written:

(W n+1

i −W n
i ) +

∆t

∆x

(

F num
i+1/2(W

n
i ,W

n
i+1)− F num

i−1/2(W
n
i−1,W

n
i )
)

= 0; (17)

The numerical fluxes are estimated using the exact fluxes at the intermediate states computed by the
linearized Riemann problem. The properties transported within the condensation models (moments
or liquid mass fraction and numbre of droplets) are treated as passive scalars, so that, taking only
one passive scalar for notation simplicity (ψ), the eigenvalues for the Riemann problem are written:
λi = um + c, um, um − c, um. Then, the intermediate states (Yint) are computed following the rules:

Yint =









Yl = Yi, if λ1 > 0 ⇔ ū > c̃
Y1, if λ1 ≤ 0 andλ2 > 0 ⇔ 0 < ū ≤ c̃
Y2, if λ2 ≤ 0 andλ3 > 0 ⇔ −c̃ < ū ≤ 0

Yr = Yj, if λ3 ≤ 0 ⇔ ū ≤ −c̃









(18)

Y1 andY2 are written:

Y1 =









sL
(un)L
pL
ψL









+

(

1

2ν̄
[um]

R
L −

1

2c̃
[p]RL

)









0
ν̄
−c̃
0









, Y2 =









sr
(un)r
pr
ψr









−

(

1

2ν̄
[um]

R
L +

1

2c̃
[p]RL

)









0
ν̄
c̃
0









(19)
In order to handle expansions across sonic points, linearized Riemann solvers need an entropy cor-
rection, otherwise non-physical shock waves might appear.When a sonic point is detected, the
V FRoencv fluxes are replaced by (Helluy et al., 2010):

F num(WL,WR) = FMV FRoe(WL,WR)−
min (|λk(WL)|, |λk(WR)|)

2
(WL,WR) (20)
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The accuracy of the scheme, using the tabulated IAPWS-IF97 formulation for the thermodynamic,
has been assessed with shock tube test cases, and compared with an exact solution (Blondel et al.,
2013). The left and right states initial conditions for thistest case are (1.0 bars, 1.66 m3/kg, 0.0 m/s),
respectively (1.5 bars, 3.33 m3/kg, 0.0 m/s).

This test case is performed using a 12000 points mesh, which gives a good approximation of the
solution. A detailed mesh study for shock tube tests, including first order convergence rates analysis,
as well as a short description of the exact Riemann solver forreal gases can be found in (Blondel et
al., 2013). The results show that the expansion wave, the contact discontinuity and the shock wave
are well caught, showing the validity of theV FRoencv scheme (figures (1) and (2)).
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RESULTS
During the validation process, the QMOM method has been usedwith a set of 12 moments,

leading to 6 computed radii. Higher number of moments can be transported, but it often leads to
abscissas of zero-weights that are useless. Another issue is that the flow is dry at the inlet of the
nozzle, and quadrature algorithm can not succeed if the moments are zero (Machisio and Fox, 2005).
To overcome this issue, two main techniques can be used: particles can be injected at the inlet, so
that moments are non-zero in the all domain, or, if no particles are injected at the inlet, the flow
can be initialized with a guess distribution, so that when nucleation appear, moments are non-zeroes.
For all calculations introduced below, the second technique has been used. A mesh study has been
done in order to minimize the error on the prediction of the droplet sizes, that can be huge for coarse
meshes (Blondel et al., 2013). Uniform 4000 cells meshes have been used for all steady and unsteady
calculations below, which is a good compromise between results accuracy and computational time for
the first order numerical integration used here.

Steady nozzle flow
The first validation case is the well-known Moore’s nozzle (Moore et al., 1973). Nozzle B is used,

with 0.25 bar and 358.15 K for the stagnation pressure and temperature conditions at the inlet.
The expansion is well caught by the two methods (figure 3). TheWilson point (the point where

nucleation occurs) is exactly at the same position, but droplets grow faster with the QMOM compared
with the two-equation model, involving a stronger pressuredrop. This difference is not surprising, as
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the growth is estimated at the mean radius (r2eq) in the two-equation model, whereas it is estimated
with the computed abscissas (ri) with the QMOM method. Thus, the predicted average radii are
slightly different (figure 3). The results are still good with both methods, predicting an average
radius of 0.0385µm for the QMOM and 0.0475µm for the two-equation model, which is close to
the experimental radius (0.05µm). Moreover, the comparison between the distribution computed
with the QMOM method and a reference distribution computed with a Lagrangian model (White,
2003) is very good. The distributions have the same shape (using a spline interpolation between the
six weights for the QMOM method) and the contribution to wetness fraction are very close. The
numerical treatment adopted in (White, 2003) is different than the one adopted here (centered, second
order scheme and 4-stage Runge-Kutta time integration) andmight also be a source of differences in
the numerical results.

Steady and shocked nozzle flow
The second validation case is a steady state flow, with a shockwave induced by a critical heat

release in the diverging part of the nozzle (Barschdorff, 1970). There are no droplet size measure-
ments available, so that only the static pressure can be compared with the experiment. The stagnation
pressure and temperature are respectively 0.784 bar and 373.15 K at the inlet.

With the two-equation model, the pressure expansion has a small error with respect to experimen-
tal data, nucleation appearing upstream the measurements.The QMOM method fits much better the
experimental data. The value of the mean radius at the nozzleoutlet is very different between the two
methods. This had already been highlighted for the same testcase between the two-equation model
and a bi-fluid model (Dykas and Wroblewski, 2011). There are two main reasons for those differ-
ences: first, using the QMOM, the growth of the liquid phase isbased on the six computed abscissas
and not on the mean radius. Secondly, the definition of the average radius is not the same in the two
models (see equations (3) and (9)). The differences observed in this computationnal case highlight an
overprediction of the average droplet size using the two-equation model, leading to a condensation
shock appearing very soon in the nozzle.
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Unsteady and shocked nozzle flow
The last validation case deals with an unstable shock wave moving through the throat, due to

super-critical heat addition (nozzle 1 from Dorey et al., (2010)). The stagnation pressure and temper-
ature at the inlet are: 1.3 bar and 382.15 K. Only the frequency of the instability has been measured
using a high speed camera. The agreement between the measured (1170Hz) and the computed fre-
quencies is good for the two methods: 1% for the two-equationmodel (1161Hz) and 4% for the
QMOM (1220Hz).

The evolution of the droplet spectrum taken at the outlet (figure 7) highlights the ability of QMOM
to represent the polydispersion under critical flow conditions, such as quickly evolving spectrum and
shock waves. Droplets are generated in a large interval of radii: 0.05µm to 0.2µm. When the shock
wave is strong (instants T1 and T2, figure 7), small droplets are created: the nucleation rate is high,
leading to a large number of nucleated droplets of small sizes. When the shock is disappearing in
the converging part of the nozzle, nucleation being less intense (the shock wave travelling through
the throat induces a temperature jump, and thus a smaller subcooling downstream), less droplets,
but of bigger sizes, are created (instant T3). Then, the heatrelease being sup-critical, a new cycle
begins, with a shock-wave moving toward less subcooled regions of the flow. The evolution of the
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average droplet radii,r2eq andr32, shows that once again, both methods give different results(figure
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7). However, the predicted evolution is very similar in bothmethods, with a peak of large droplets
and a plateau of small droplets during each instability cycles.

Application to a 3D/1D chained calculations
The final calculation run to test the ability of the QMOM to deal with realistic phenomena occuring

in turbines is a chained calculation between a 3D, perfect gas Navier-Stokes solver and the 1D real
gas code. The flow in a nuclear power plant low-pressure steamturbine stage where the nucleation
is supposed to appear has been computed using an unsteady chorochronical method (see Stanciu et
al., 2010). The flow in the 3D calculation is subsonic and highly unsteady due to the blade passage
effects. The involved frequencies are high (around 5700 Hz). Then, pressure and temperature signals
have been extracted and imposed at the inlet of an EDF’s nozzle (nozzle 3 from Dorey et al., 2010),
in order to predict the nucleation under such unsteady flow conditions and assess the capability of the
QMOM method to robustly deal with.
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The evolution of the droplet spectrum is caught by the QMOM method (figure 8), even with a
highly unsteady inlet signal, with strong pressure variations: the spectra computed here are broad,
ranking from 0.005µm to 0.05µm. The QMOM method clearly add new information in the compu-
tations, that are very useful to understand the nucleation occuring in steam turbines. Also, using this
method can improve significantly the prediction of other phenomena, such as deposition and liquid
film behaviour on blades, which are sensitive to droplet sizes and spectra (Fendler et al., (2012)).

CONCLUSIONS
The Quadrature Method of Moments has been tested through academic supersonic nozzle cases

in order to assess its ability to handle unsteady flows with strong variations and discontinuities, such
as trailing edge wakes and shock waves. A first chained 3D / 1D calculation has been run, showing
the ability of the method to handle complex physics. The robustness of the method is as good as of
the classical two-equation model. Even if only 6 abscissas and weights are computed, the comparison
with Lagrangian style calculations has proven the interestand the validity of the method. For a low
additional computational cost, the QMOM gives richer information on droplet spectra.

The lack of experimental data on specta in nozzles is a hindrance to the complete validation of
the method. Experiments will be carried out in collaboration with the ITSM (Institute of Thermal
Turbomachinery and Machinery, Stuttgart University) to propose complete and up to date validation
cases, with droplet spectra measurements.
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The QMOM methodology is currently being improved with second order schemes and imple-
mented in the 3D CFD codeelsAin order to treat larger and 3D configurations.
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