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ABSTRACT
The present study investigates the effect of anistropic surface roughness on flow losses using
Large-Eddy-Simulation (LES) and compares the results to a model based on the equivalent
sand grain roughness. For this comparison models of surface roughness are built from mea-
surements of real roughness to isolate the effect of anisotropy for which two orthogonal main
flow directions with respect to the anisotropy of the surface are investigated. For these two di-
rections an equivalent sand grain roughness height is calculated using the roughness element
shape and density parameter. The shift of the velocity distribution is then predicted by using
a roughness function and compared with the results of the LES. Furthermore, the rough and
smooth-wall velocity distributions are compared with each other in velocity defect form to check
the Reynolds number similarity hypothesis. Both comparisons show a good agreement thus con-
firming with LES that the simple model of equivalent sand grain roughness is an appropriate
method to predict the influence of anisotropic surface roughness on skin friction.

NOMENCLATURE

As frontal surface area S̄ij Shear strain tensor
Af windward wetted surface ub bulk velocity
B′FR Nikuradse roughness function u+e boundary layer edge velocity
C+ integration constant uτ friction velocity
Cs Smagorinsky constant u+ dimensionless velocity
h local roughness height ∆u+ roughness function
k roughness height y+ dimensionless wall distance
ks equivalent sand grain height Greek symbols
l local roughness length δ boundary layer thickness
N number of nodes δ channel half height
Ra arithmetic averaged roughness height ∆ filter width
Re Reynolds number ν kinematic viscosity
Reτ friction velocity Reynolds number κ von Kármán constant
Rz averaged maximum roughness height Λs roughness element shape parameter
S reference area ρ density
Sf total frontal area µsgs sub-grid-scale viscosity

τw wall shear stress

INTRODUCTION
The effect of surface roughness on fluid flow has been first studied by Nikuradse (1933) and

Schlichting (1936) with the result that surface roughness, especially in turbulent boundary layers,
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leads to a significant increase in losses. Nikuradse investigated the pressure loss of sand roughened
pipe walls and introduced the dimensionless roughness parameter ks+ = ksuτ/ν to describe the
roughness. Later on Schlichting used the data of Nikuradse to describe other types than sand grain
roughness. He introduced a standard roughness height ks to describe the effects of any roughness
type onto the fluid flow. The standard roughness assumes that the roughness of a surface is com-
posed of spheres placed on the surface in the most dense arrangement, as shown in Fig. 1. Since this
arrangement is typical for sand paper, the standard roughness height is also called sand grain rough-
ness height. For engineering applications any technical roughness height can be described in terms
of an equivalent sand grain roughness height. To do so the skin friction of an arbitrary roughness is
correlated to a sand grain roughness height with the same skin friction.

Figure 1: Definition of standard roughness height, Schlichting and Gersten (2005)

Extensive measurements on surface roughness relevant for turbomachinery applications have been
carried out by Achary et al. (1986). They correlated the effect of surface roughness onto the boundary
layer’s velocity distribution to the arithmetic mean roughness height Ra of the surface roughness and
proposed a correlation ks = 4.2Ra for a limited class rough surfaces. It has been shown in recent
years that the model of equivalent sand grain roughness has its limitations. This is particularly true
when the shape of the roughness is of a non-uniform, especially anisotropic type and when correlating
roughness parameters such as Ra to ks. The flow over anisotropic surface roughness was numerically
investigated among others by Ikeda and Durbin (2007), Cui et al. (2003a) and Cui et al. (2003b).
The latter ones used LES to investigate roughness made of ribs and sinusoidal waves under cross
flow conditions in channel flows. Using the classical model of equivalent sand grain roughness, the
influence of the ribs and waves is underestimated. For the rib roughness, the height of an equivalent
sand grain roughness had to be six times higher and for the sinusoidal waves the equivalent sand grain
height should be three times higher than predicted. Further numerical investigations considering the
effect of surface roughness have been carried out by Singh et al. (2007) and Iacone et al. (2008) who
built surface roughness using spheres and ribs.

Figure 2 shows the surface roughness topology of a high pressure turbine blade, which has no
thermal barrier coating, in operating condition. It is obvious that real surface roughness is a com-
bination of both isotropic and anisotropic roughness elements, and is much more complex than the
cases mentioned above. Several correlations were developed in order to take this complexity into
account. An overview is given by Sigal and Danberg (1990) who also proposed a new correlation
to consider the shape and density of two-dimensional roughness elements with respect to the flow
direction. Hence, a new equivalent sand grain height ks can be calculated with the new parameter Λs,
as introduced by Sigal and Danberg (1990).

The approach of Sigal and Danberg (1990) was picked up and modified by van Rij et al. (2002)
to fit three-dimensional, irregular surface roughness, which was the subject of their investigation.
The modified correlation works well for isotropic roughness. Further work on the characterization
and prediction of the skin friction of real surface roughness was conducted by Bons et al. (2001),
Bons (2002), Bons (2005), and Bons (2010), who also modified the correlations proposed by Sigal
and Danberg (1990). A comprehensive overview of the different correlations to characterize surface
roughness is given by Flack and Schultz (2010).
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Figure 2: Real turbine surface roughness

The investigations carried out so far are of two types. On one hand, experimental investigations
were carried out on real surface roughness. The big disadvantage of this method is that flow close to
the wall and the roughness elements could not be resolved. On the other hand, there are numerical
investigations using LES and Direct-Numerical-Simulations (DNS) which allow extending the inves-
tigation to the whole boundary layer flow down to the wall. These methods however are restricted
to simple generic roughnesses, because spatial discretization is achieved with structured grids. In the
present study, Large-Eddy-Simulations are carried out on a surface roughness model, which is more
realistic than the roughnesses used in the previous studies of Cui et al. (2003a) and Cui et al. (2003b).

BACKGROUND
The boundary layer of turbulent flows can be divided into three parts. Near the wall, for y+ ≤ 5,

with y+ = y·uτ
ν

, only laminar friction is present. This part is called the viscous sublayer and the
velocity, presented in inner-scaling in Eq. 1, is linearly dependend on the wall distance

u+ = y+. (1)

In the buffer layer (5 < y+ ≤ 70) both, laminar and turbulent, stresses exist. Various equations are
used to describe the dependency of u+ from y+ which are formulated among others by Schlichting
and Gersten (2005). For values of y+ > 70, only turbulent stresses are present. The course of the
velocity distribution is described by Eq. 2, the ”log law”

u+ =
1

κ
· ln
(y · uτ

ν

)
+ C+ −∆u+ (2)

where κ is the von Kármán constant and C+ an integration constant. The von Kármán constant is
usually assumed to be κ ≈ 0.41 which is a good assumption for laboratory experiments, but as shown
by Frenzen and Vogel (1995) and Cai and Steyn (1996), the von Kármán constant can vary in the
range of 0.3 ≤ κ ≤ 0.48. Particularly Frenzen and Vogel (1995) showed that κ is strongly dependend
on the wall roughness.

Surface roughness leads to a shift of the logarithmic velocity profile and is described by the last
term on the right hand side of Eq. 2, ∆u+, which is called ”roughness function”. Depending on
the height of the roughness elements, surface roughness can be classified as hydraulically smooth for
k+s ≤ 5, transitionally rough for 5 < k+s ≤ 70 and fully rough for k+s > 70 with

k+s =
ks · uτ
ν

. (3)
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To check the Reynolds number similarity hypothesis the ”law of the wall” can also be rewritten in
form of the velocity defect as

u+e − u+ = −1

κ
ln(η) +B1 −

Π

κ
ω(η) (4)

with η = y/δ, B1 being defined as 2Π/κ and the wake function ω (Schultz and Flack (2007)). The
Reynolds number similarity hypothesis ”states that the turbulence beyond a few roughness heights
from the wall is independent of the surface condition”(Flack et al., 2005, pg.1). This assumes that the
height of the roughness k is very small compared to the boundary layer thickness δ.

For fully rough surfaces, the roughness function is defined by Schultz and Flack (2007) as

∆u+ =
1

κ
ln(k+s ) + C+ −B′FR. (5)

In Eq. 5 B′FR is the Nikuradse roughness function which in the fully rough flow regime equals
B′FR = 8.5. The equivalent sand grain height can be calculated with a correlation of Bons (2005),
given in Eq. 6.

log

(
ks
k

)
= −0.43log (Λs) + 0.82 (6)

and made dimensionless in units of inner scaling with the friction velocity and the kinematic viscosity.
The roughness element shape and density parameter Λs, given in Eq. 6, was introduced by Sigal

and Danberg (1990). It takes into account the reference area S without any roughness and the total
frontal surface area of the roughness elements Sf . Furthermore the windward wetted surface area Af
and the frontal surface area As of a roughness element are taken into account.

Λs =
S

Sf

(
Af
As

)−1.6
(7)

Originally Λs was defined for two dimensional homogenous surface roughness. Bons (2005) modified
the definition of the parameter to be applicable to real surface roughness. The definitions of Bons
(2005), Eq. 6 and Eq. 8, are also used in the current study to calculate Λs and determine an equivalent
sand grain roughness.

Λs =
Σdxi
Σ∆hi

(
Σ∆hi
Σli

)−1.6
(8)

COMPUTATIONAL SETUP
Numerical Method
The numerical investigations in the current work are performed by using the CFD code LESOCC2

(Large-Eddy Simulation On Curvlinear Coordinates) which was developed for the simulation of com-
plex turbulent flows. LESOCC2 is based on a cell centered 3D finite-volume method for block-
structured grids. A central differences approach of second-order accuracy is applied for the spatial
discretization of diffusive and convective fluxes. For periodic boundaries, a Fourier-Solver has been
implemented as described by Fröhlich (2006). Time marching is achieved by applying a multi-stage
low-storage, explicit Runge-Kutta method of second-order accuracy.

LESOCC2 solves the three-dimensional, unsteady, filtered and incompressible Navier-Stokes
equations. Similar to statistically averaged equations, a closure problem arises so that different sub-
grid-scale models are implemented in LESOCC2 to solve this problem. In the present work, the
Smagorinsky model (Smagorinsky, 1963) is applied with Van Driest damping near solid walls. It is
an eddy-viscosity model to parameterize the sub-grid-scale stresses
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τaij = τij − τkk
1

3
δij (9)

where δij is the Kronecker delta. The isotropic part of the sub-grid-scale stresses τkk is not modeled
but added to the static pressure term using a ”pseudo” pressure Π̄ = p̄+ τkk/3 (Fröhlich, 2006). The
rest is modeled using a dimensionless empirical parameter.

τij = −2νsgsS̄ij; S̄ij =
1

2

(
∂ūi
∂xj

+
∂ūj
∂xi

)
. (10)

The Smagorinsky viscosity νsgs is modeled with the width of the filter ∆ and the shear-stress rate S,
as shown in Eq. 11, with the Smagorinsky constant being set to Cs = 0.065 for channel flows.

νsgs = (Cs∆)2
√

2S̄ijS̄ij (11)

For mass conservation, the SIMPLE algorithm with pressure-correction equation is solved using
the strongly implicit method of Stone (1968). The velocity-pressure coupling is achieved by applying
the momentum interpolation method of Rhie and Chow (1983). LESOCC2 is highly vectorized with
a vectorization ratio >99 % and additionally parallelized via the domain decomposition technique
with the use of ghost cells and MPI for data transfer.

Computational domain and mesh
The computational domain in the current work, shown in Fig. 3, consists of a channel with the

dimension 8.68δ x 2δ x 8.68δ in the x-, y- and z-direction. The main flow is always directed in a
positive x-direction. Cyclic boundary conditions are applied to the inlet and outlet as well as to the
domain boundaries in z-direction, so that a channel of infinite dimensions in x- and z-direction is
simulated. The upper wall of the channel is always kept smooth whereas surface roughness is applied
to the lower wall. A block structured mesh with 64 blocks is used for spatial discretization. Details
of the computational grid are listed in Tab. 1. The Reynolds number of all simulations is set to
Re = 13750, which leads to an Reτ = 395 for a channel flow with smooth walls. In LESOCC2
computations are carried out with non-dimensional parameters. The density is set to ρ = 1 and the
bulk-velocity to Ub = 1.

Figure 3: Computational domain

The roughness of the bottom wall is derived from surface roughness measurements. The anisotropic
part of the surface roughness is the subject of the current study. To build a realistic model of it, the
isotropic and anisotropic parts of measured surfaces have to be separated. On the left side of Fig. 4
and Fig. 5 the measured turbine surface roughness are shown. To build a surface model, a Fast-
Fourier-Transformation (FFT) is used to isolate the 50 most dominant frequencies, which capture all
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Roughness Type A B
Domain length x=4.3 y=1 z=4.3
Nx x Ny x Nz 315x221x192 192x221x315

Total number of cells ≈ 12.7 Mio
∆x+c ≈10 ∆x+c ≈18

Grid width ∆y+w ≈1 ∆y+w ≈1
∆y+c ≈10 ∆y+c ≈10
∆z+c ≈18 ∆z+c ≈10

Growth ratio in y-direction: 3%, in x-,z-direction: uniform

Table 1: Details of computational grid employed

of the relevant anisotropic structures. By setting all other frequencies to zero and doing an inverse
transformation, the roughness models are obtained, as shown on the right side in Fig. 4 and Fig. 5.
The topology of the roughness types A and B in Tab. 1 are the same, but with different flow directions.
The main flow direction of the roughness A is perpendicular to the grooves whereas the grooves of
roughness B are aligned parallel to the main flow direction.

Figure 4: Real and model roughness type A

A scaling of the surface models is necessary due to the non-dimensionality of LESOCC2. The
parameter used for scaling is the dimensionless arithmetic roughness height Ra+, defined in Eq. 12.
It is the arithmetic roughness height made dimensionless with the friction velocity uτ of the smooth
wall and the kinematic viscosityν.

Ra+ =

(
1

l

N∑
i=1

|h(xi)|

)
· uτ/ν (12)

The measured roughness topology is stored in a matrix. Ra is determined for each row of the
matrix and finally averaged over the number of rows. For the roughness of type A and B, the dimen-
sionless arithmetic roughness heights are set to Ra+ = 5.76. These values are chosen because they
correspond to the Ra+ of the turbine blade.

Numerical Accuracy
The methods and grids employed in a LES have a first order impact on the accuracy of the results,

because the filter width ∆̄, which is used to calculate the sub-grid-scale viscosity νsgs, is a function
of the mesh distaces ∆xi. Therefore the sub-grid model is an explicit function of the grid. In order to
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Figure 5: Real and model roughness type B
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Figure 6: Verification of grid and methods employed

check the accuracy of the simulations carried out, the velocity distribution of the smooth wall of case
B is compared with the results of Moser et al. (1999) which is shown in Fig. 6. It can be seen, that the
velocity is slightly overpredicted for y+ > 20 which is caused by the application of sub-grid stress
modeling and has also been reported by Cui et al. (2003b). The deviation of the velocity distribution
is well within the range reported by Cui et al. (2003b).

The sub-grid activity parameter s defined by Durbin and Pettersson-Reif (2011) as the ratio of
sub-grid viscosity to total viscosity

s =
µsgs

µsgs + µ
. (13)

For values of s < 0.5 the accuracy of the LES is high and within the range of a DNS. The distributions
of the average sub-grid activity parameter s for the cases A and B along the channel height is given
in Fig. 6. For both cases the sub-grid activity parameter is well below s = 0.05, which is one tenth
of the requested value for high a accuracy of Large-Eddy-Simulations. Therefore it can be concluded
from Fig. 6 that grid resolution and quality is high enough for a good accuracy.

It is known that the Smagorinsky model has a weak point when applied to wall resolved LES. The
model leads to an error because the Smagorinsky constant remains Cs 6= 0 in near wall regions where
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the grid resolution is high enough for a DNS. Although this leads to an error, Peet et al. (2008) showed
that the application of the Smagorinsky model for this kind of investigation is possible. They carried
out different LES to investigate the drag reducing effect of Riblets using the classical Smagorinsky
model among others. Their results with the classical Smagorinsky model were consistent with other
numerical and experimental results.

In order to evaluate the average wall shear stress the averaging time has to be high. The non-
dimensional computational time

t+ =
t · Ub
δ

(14)

is introduced as a function of the computational time t, the channel half height δ and the bulk velocity
Ub. It has been shown by Peet et al. (2008) that the drag reduction RD of Riblets shows fluctuations
of ±2% for averaging times t+ < 800. In the present study averaging has been carried out after a
non-dimensional time of t+A = 1370 for case A and t+B = 1854 for case B.

RESULTS
The roughness element shape and density parameter Λs and the equivalent sand grain height of

the different roughnesses are calculated using Eq. 8 and Eq. 6. Additionally the predicted values of
the roughness function (Eq. 5) and those with LES simulated are calculated and listed in Tab. 2. For
the roughness height k of Eq. 6 half of the averaged maximum height of the roughness profile Rz is
chosen: k = 0.5 ·Rz.

Rz =
1

n

N∑
i=1

(|hmin(xi)|+ |hmax(xi)|) (15)

Roughness Type Λs ks k+s ∆u+predicted ∆u+LES τw,smooth τw,rough
A 892.6 0.0087 6.67 1.48 1.38 0.0030 0.0031
B 8.05 · 105 0 0 0 0 0.0032 0.0032

Table 2: Summary of results of the Large-Eddy-Simulations

Both Sigal and Danberg (1990) and van Rij et al. (2002) applied their correlations to calculate an
equivalent sand grain height only to values of Λs < 1000. Additionally Bons et al. (2001) showed
that a brand-new, smooth turbine blade has a value of Λs = 5000, so that in the present study surfaces
with Λs > 1000 are assumed to be smooth.

For every time-step the wall shear stress of every surface node has been stored into a matrix. The
wall shear stress is defined in terms of the wall normal velocity gradient and the total viscosity µ.

τw = µ
∂u

∂n
(16)

The wall shear stress has been averaged over the dimensionless time as stated before and afterwards
spatially averaged on the walls. The resulting wall shear stresses are listed in Tab. 2. The wall shear
stress contains viscous stresses as well as the pressure drag of the roughness elements.

From the simulations a dimensionless roughness height of k+s = 6.67 has been determined for
roughness A, which is within the buffer layer and very close to hydraulically smooth. From this
point of view the roughness function Eq. 5 is not applicable to the present case. On the other hand the
effect of the roughness A on the flow is significant. The existence of a critical roughness height, below
which roughness does not affect the turbulent wall flow, has been questioned by Bradshaw (2000).
Furthermore, he pointed out some ”confusion over the variation of the friction factor or log-law shift
for so called transitionally roughness” (Bradshaw, 2000, pg.2). In these premises and the fact, that
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the application of the roughness function gives good results, it is assumed that the application of the
roughness function in the present study is valid.

The mean velocity profiles in inner scaling for the smooth top walls and the different roughnesses
of the bottom channel walls are shown in Fig. 7. The solid lines are the results of the Large-Eddy-
Simulations whereas the diamonds are calculated using the equations Eq. 2 and Eq. 5. The effect
of surface roughness is seen as a downward shift of the velocity u+ for y+ > 70 for the roughnesses
A of the amount of ∆u+ = 1.38. In Fig. 7 (b), the velocity distribution for the rough surface B are
found to be identical to those for the smooth wall .

To calculate the theoretical velocity distribution the commonly used values for the von Kármán
constant κ = 0.4 and the integration constant C+ = 5.2 are used for roughness B. For the rough
surface A, the values have to be adapted. Although the upper channel wall is kept smooth in the
LES, the influence of the bottom surface roughness is visible. Therefore the parameters κ and C+ are
adjusted to fit the smooth wall. These values are used further on to calculate the theoretical velocity
distributions of the corresponding rough surfaces.

Mean velocity profiles in velocity defect form are shown in Fig. 8. Roughness B shows a very
good agreement of the profiles of the smooth and rough wall over the whole boundary layer thickness.
The results for roughness A show a deviation between the smooth and the rough wall profiles in the
region 0.1 < y/δ < 0.5. As stated by Schultz and Flack (2005) a weak roughness effect results in
a departure of the velocity profiles with the smooth wall profile lying above the rough wall profile
and vice versa for a strong roughness influence. In the present study the rough wall profile is above
the smooth wall profile in the buffer layer. This indicates a strong effect of the surface roughness.
However, the velocity profiles collapse in the outer region for y/δ ≥ 0.5 which supports the wall
similarity hypothesis of Townsend.

The skin friction, measured in terms of wall shear stress τw, was also evaluated for the two sim-
ulated surfaces. An increase of the wall shear stress ∆τw, compared to the smooth wall, can be
observed for roughness A by ∆τw = 3%. No change in wall shear stress was found for roughness B.

CONCLUSIONS AND OUTLOOK
The results of the present study show that the calculation of an equivalent sand grain roughness

height is an appropiate way to predict the influence of inhomogeneous, anisotropic surface roughness
which is close to reality. This is done using the roughness element shape and density parameter
Λs of Sigal and Danberg (1990) and the correlation of Bons (2005) to estimate an equivalent sand
grain height. As shown in Fig. 7 and in Tab. 2, the shift of the velocity profile ∆u+ is predicted
sufficiently accurately. Only anisotropic surface roughness in which the main flow velocity vector has
a component perpendicular to the anisotropy of the roughness affects the skin friction.

Additionally, the Reynolds number similarity hypothesis is confirmed by the results shown in Fig.
8. Differences in the velocity defect for roughness A are only visible in the inner layer. The velocity
distributions in the outer layer match well in the rough and smooth cases. This result concurs well
with previous studies of Lee et al. (2010), Kunkel et al. (2007) and Flack et al. (2005). In former
investigations, LES was used to simulate the flow over homogenous anisotropic surface roughness
such as ribs and sinusoidal waves. In the present study it could be shown that Large-Eddy-Simulations
are also an appropiate method for predicting the influence of non-homogenous anisotropic surface
roughness on the wall shear stress.
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