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ABSTRACT
This paper describes the setup and validation of a process chain for aeroelastic sensitivity
analysis using adjoint methods. In particular, the adjoint of an harmonic balance solver
is applied to capture unsteady effects. The interaction between different blade rows is
simulated by an “external” coupling of the adjoint harmonic balance solver with a steady
adjoint solver. The adjoint process is applied to a turbine stage and the results are com-
pared to finite differences of forward computations.
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NOMENCLATURE

Symbols
i complex unit
Fmod modal force
F Fourier transform
k harmonic index
K number of higher harmonics
m circumferential mode order
N number of sampling points

q vector of conservative flow variables
x vector of grid coordinates
ω angular frequency

Abbreviations
HB harmonic balance
CEV constant eddy viscosity
VEV variable eddy viscosity

INTRODUCTION
The analysis of aeroelastic properties is an important aspect in the design of turbomachinery

components. In particular the understanding of blade vibrations induced by the interaction of
neighbouring blade rows (forced response) is becoming increasingly crucial due to the tendency
to reduce the axial gap between blade rows in order to build more compact machines. This is
an inherently unsteady phenomenon, but due to its periodic nature it can be efficiently treated
by numerical methods formulated in the frequency domain. In contrast to the problem of blade
flutter, which can often be adequately simulated by time-linearised unsteady methods, e.g. the
linear harmonic method (Hall and Crawley, 1989), for forced response also nonlinear effects
play an important role (cf. Kielb, 2001). An overview on the use of frequency domain methods
in turbomachinery applications has been given by He (2010). Hall et al. (2013) discuss several
variants of the harmonic balance method, while Ekici and Huang (2012) compare time- and
frequency-domain methods.

For many applications, e.g. CFD-based design and optimisation, it is desirable to compute
also sensitivities of objective functions with respect to design parameters. The adjoint method is
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an efficient way to compute such sensitivities for large numbers of parameters. During the last
years a number of adjoint solvers for frequency domain methods in CFD have been developed,
but only few applications to 3D turbomachinery configurations or blade row interactions have
been reported. Thomas and coworkers (Thomas et al., 2005, 2013; Thomas and Dowell, 2014),
Nadarajah and coworkers (Nadarajah et al., 2006; Nadarajah and Jameson, 2007; Nadarajah
and Tatossian, 2010) as well as Mader and Martins (2012) apply their adjoint frequency domain
solver to external flow problems, e.g. wings or helicopter rotors. He and Wang (2011) as
well as Huang and Ekici (2014) consider optimisation problems for a single blade row, e.g.
for flutter stability. He and Wang also discuss a forced response test case, but with a fixed
flow perturbation at the inflow. Ma et al. (2016) perform an optimisation of a 2D multi-row
configuration employing a blade-row coupling procedure in the time domain.

The subject of the present paper is the development of an adjoint process chain which can
be used to analyse the influence of small geometric changes in one blade row on the aeroelastic
forcing in a neighbouring blade row. We describe it for stator-rotor configurations (e.g. a turbine
stage), but it can also be carried over to other blade-row combinations.

The harmonic balance solver used in this work has been described in several publications
(Frey et al., 2014; Ashcroft et al., 2014). In this implementation, the principal variables are the
Fourier coefficients of the time-dependent flow state, and also the blade-row coupling mech-
anism is implemented in the frequency domain. This coupling has not yet been adopted in
the corresponding adjoint harmonic balance solver (Engels-Putzka and Frey, 2015, 2016). As
an approximation to a complete coupling we suggest here a “weakly coupled” adjoint process
chain for the forced response analysis. It corresponds to a forward process where first a steady
computation of the whole configuration is performed, then the Fourier coefficients of the stator
wake at the interface for a certain circumferential wave number are extracted and prescribed
as boundary conditions at the rotor entry in a (linear or nonlinear) unsteady computation in the
frequency domain.

In the adjoint process, the adjoint harmonic balance solver is used to compute the sensitiv-
ities of aeroelastic objective functions to the amplitudes of a harmonic perturbation at the rotor
entry. Then the result is used to construct a functional for the steady adjoint solver and com-
pute sensitivities with respect to the geometry of the stator blades. The design changes which
we consider for the sensitivity evaluation do not modify the blade profile sections, but only the
three-dimensional shape of the stator blade or its relative position. The motivation for this is
that these changes should not have a large influence on the aerodynamic performance of the
turbomachinery component.

After a brief description of the process chain and the employed tools, we apply the presented
method to a 3D turbine stage and validate the results by comparison with forward computations.

ADJOINT METHODS AND PROCESS CHAINS
In this section we discuss the computational methods used in the present study. First, we

sketch the workflow of the forward and adjoint process chains, then we briefly describe the
involved tools and methods.

Forward and Adjoint Process Chain
Although the harmonic balance solver in TRACE is capable of simulating the interactions

between different blade rows, we do not make use of this functionality for the aeroelastic anal-
ysis process which is used as reference for the adjoint process. The influence of the stator wake
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on the flow - and therefore also the modal forces - in the rotor is modeled by a single circum-
ferential harmonic at the interface. Therefore the (forward) analysis of a turbine stage consists
of the following steps:

1. Perform a steady simulation of the complete stage.

2. Decompose the flow field at the interface between stator and rotor into circumferential
modes (using a discrete Fourier transform).

3. Perform a harmonic balance simulation of the rotor with an inflow perturbation given by
a selected circumferential mode at the interface.

4. Evaluate the modal force for a given eigenmode of the rotor blade.

To approximate the sensitivities of the modal force with respect to design changes of the stator,
finite differences are computed by repeating the steps above with a deformed mesh for the stator.
The corresponding adjoint process is then:

1. Perform an adjoint harmonic balance computation for the rotor using the modal force for
the selected mode as objective functional.

2. Compute a (steady) adjoint solution for the stator using the output of the previous step as
input.

3. Evaluate the sensitivities with deformed grids corresponding to the considered design
changes.

Flow Solver
For all computations the DLR in-house flow solver TRACE (Kügeler et al., 2008; Becker

et al., 2010) and its associated pre- and post-processing tools are used. In addition to the ”stan-
dard” non-linear solver, which solves the steady or unsteady Reynolds-Averaged Navier–Stokes
(RANS) equations in time domain, also linear and non-linear frequency-domain solvers are in-
cluded in TRACE. In particular, a variant of the harmonic balance (HB) method has been im-
plemented during the last years (Frey et al., 2014; Ashcroft et al., 2014). For the special case of
a single base frequency, the method is based on the approximation of the time dependent flow
solution by a Fourier series with a finite number of harmonics:

q(x, t) = Re

[
K∑
k=0

q̂k(x)eikωt

]
. (1)

The Fourier coefficients q̂k are determined by the set of equations

ikωq̂k + R̂(q)k = 0, k = 0, . . . , K, (2)

where the Fourier components of the residual are approximated as

R̂(q)k ≈ F (R(F−1(q̂)))|k, (3)

with F denoting the discrete Fourier transform (DFT). This means that the solution q in the time
domain is reconstructed at a finite number of sampling points, then the residual is evaluated at
these points, and the resulting vector is transformed back into the frequency domain.
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Steady Adjoint Solver
The steady adjoint solver in TRACE developed by Frey et al. (2009) is based on the discrete

adjoint approach. The adjoint equations are given by(
∂R

∂q

)∗
ψ =

(
∂I

∂q

)∗
(4)

where R is the (steady) discrete RANS residual, q the flow solution, ψ the adjoint flow solution,
and I the objective functional. They are solved using a preconditioned GMRES algorithm with
restarts (Saad and Schultz, 1986). The sensitivity of I with respect to a design parameter α
(corresponding to a variation of the geometry) is then computed as

dI

dα
= ψ∗∂R

∂α
(5)

where the second term is approximated by a finite difference using a perturbed mesh.
For the purpose of this study a new functional has been implemented, corresponding to the

linearisation of a weighted sum of the circumferential Fourier coefficients for a given (interface)
surface and circumferential wave number. The weighting coefficients can be read in from a file,
in the current application the output of the adjoint harmonic balance solver (see below) is used.

Adjoint Harmonic Balance Method
The derivation and implementation of the adjoint harmonic balance method in TRACE have

been described in recent publications (Engels-Putzka and Frey, 2015, 2016), therefore we sum-
marise here only the key points. The form of the adjoint equations is analogous to the steady
case, but ∂I

∂q
is replaced by ∂I

∂q̂
, and the system matrix

(
∂R
∂q

)∗ by

A∗ =
(
F−1

)∗(
diag

(
∂R
∂q

∣∣∣
q(tj)

))∗
F ∗ − diag(ikω), (6)

where diag(. . .) denotes a block diagonal matrix with the corresponding entries on the diagonal,
and tj are the sampling points for the DFT. The solution method is also carried over from
the steady adjoint solver. The GMRES solver has been extended accordingly to treat several
harmonics at the same time and to handle complex vectors and the more complicated system
matrix.

The ”design” parameters α are here the components of a flow perturbation at the inflow or
outflow boundary, which we denote by qbv. The corresponding sensitivities are computed as

dI

dα
=
(
−A∗ψ̂

)∗(
Tbv

dqbv

dα

)
(7)

where Tbv is the inhomogeneous part of the linearised boundary operator. The product is eval-
uated only over the boundary surface where α is defined. The sensitivities can be obtained
directly during the adjoint harmonic balance simulation and are evaluated for each radial band.

Geometry Variation and Grid Deformation
The geometry variations considered here do not change the form of the blade profiles, but

only the stacking of the profiles to form a three-dimensional blade, or the position of the blade.
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The deformation of the blade surface is given by a prescribed shift in axial (x) or circumferential
(θ) direction, multiplied by Pn( r−r0

∆r
), where Pn denotes the nth Legendre polynomial, r is the

radius of the point on the blade surface, r0 a reference radius (e.g. at midspan), and ∆r is
the maximum value for |r − r0|. This means that the magnitude of the surface deformation
in each point is smaller than or equal to the prescribed value. These surface deformations are
propagated to the 3D computational grid by applying an elliptic mesh deformation algorithm
(Voigt et al., 2010; Engels-Putzka and Frey, 2012).

APPLICATION TO A TURBINE STAGE
Test Case and Numerical Setup
As a test case for the aeroelastic process chain we chose a transonic high pressure turbine

stage from the EU project “adTurb”. The considered operating point has an exit pressure of
68 570 Pa and a maximum Mach number of about 1. The computational grid consists of ap-
proximately 670 000 cells (290 000 in the stator and 380 000 in the rotor row) with a radial
resolution of 40 cells. The configuration is shown in Fig. 1, while Fig. 2 shows the steady and
unsteady flow fields on a radial section.

As turbulence model we use the k-ω model of Wilcox (1988). In the harmonic balance
computations, the turbulence model is only active for the zeroth harmonic, i.e. the time-mean
solution. For the adjoint computations the constant eddy viscosity (CEV) assumption is applied.
As preconditioner for the GMRES solver we use an incomplete LU decomposition with zero
level of fill-in. The restart interval is set to 200 for the steady adjoint computations and to 250
for the adjoint HB computations.

Since the implementation of the adjoint HB solver supports only real-valued functionals,
the real and imaginary parts of the complex modal force are used as objective functionals. In
the considered test case they are evaluated for an (artificial) torsion mode of the rotor with a
frequency of 4985.85 Hz and an inter-blade phase shift of −118◦, corresponding to the first
vane passing frequency.

Figure 1: Test case adTurb: computational grid (left) and configuration with duplicated stator
passage and visualisation of the flow field at the interface (right).
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Figure 2: Test case adTurb: Mach number contours of the steady solution (left) and entropy con-
tours of the reconstructed unsteady solution from a HB computation with four higher harmonics
(right), both plotted on a section of constant radius at midspan.

Validation of the Adjoint Harmonic Balance Solver
As a first validation study for the application of the adjoint harmonic balance solver to a 3D

turbomachinery configuration we directly compare the output, i.e. sensitivities with respect to
the individual flow components at a specified radius, to reference values from forward harmonic
balance computations. For this purpose we perform harmonic balance computations with artifi-
cially modified gust inputs. Starting from the Fourier decomposition for the original geometry
we perturb a single Fourier coefficient. To keep the computational effort manageable, only one
higher harmonic is taken into account and the variations are only carried out for every third
radial band. The results for some of the Fourier components are shown in Fig. 3. It can be seen
that the overall agreement of the curves is very good, although there are some visible deviations
for certain radii. This observation holds also for the components not shown here.

Validation of the Adjoint Process Chain
We carry out a parameter study with the forward process described above to find a suitable

step size for the finite differences used as reference for the adjoint process. For this numerical
experiment again only one higher harmonic is taken into account. Figure 4 shows that for the
smallest step size (0.00025 for δx and 0.002 for δθ) the responses of the objective functionals are
nearly linear for all tested polynomial degrees. Therefore we use this step size for all subsequent
computations. All finite differences are computed as central differences.

To validate the second part of the adjoint process chain, i.e., the implementation of the
new functional for the steady adjoint solver, we evaluate the sensitivities using a “mixed” pro-
cess. More precisely, we compute a scalar product of the sensitivities computed by the adjoint
harmonic balance solver for the rotor row with a finite difference of circumferential Fourier
coefficients from steady simulations of the stator row. The results are shown in Tab. 1 for the
real part and in Tab. 2 for the imaginary part of the modal force. Most of the larger deviations
can be explained by the fact that the adjoint solver makes use of the CEV assumption. If the
forward simulations are repeated with the eddy viscosity fixed to the values of the reference
geometry, almost all relative errors are below 5%. The only exceptions are the sensitivities of
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Figure 3: Comparison of radial distributions of sensitivities with finite differences for real (top)
and imaginary (bottom) parts of the modal force and selected Fourier components

Table 1: Comparison of sensitivities obtained with the adjoint and the “mixed” process chain
for the real part of the modal force.

Parameter “mixed” sensitivities adjoint relative deviation
dir. n VEV CEV VEV CEV

0 1.1855 · 10−6 1.0923 · 10−6 1.1162 · 10−6 −5.85% 2.18%
x 1 4.5270 · 10−7 3.5862 · 10−7 3.6531 · 10−7 −19.30% 1.87%

2 −1.0621 · 10−6 −9.3776 · 10−7 −9.3812 · 10−7 −11.67% 0.04%

0 −1.7150 · 10−6 −1.6421 · 10−6 −1.6587 · 10−6 −3.28% 1.01%
θ 1 −5.0244 · 10−7 −4.1688 · 10−7 −4.2093 · 10−7 −16.22% 0.97%

2 9.1099 · 10−7 8.6899 · 10−7 8.7106 · 10−7 −4.38% 0.24%
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δx δθ

δx δθ

Figure 4: Results of the forward process: Values of real and imaginary parts of the modal
force for several shifts δx (left) and δθ (right) and three different degrees n of the Legendre
polynomial used for the blade deformation.

Table 2: Comparison of sensitivities obtained with the adjoint and the “mixed” process chain
for the imaginary part of the modal force.

Parameter “mixed” sensitivities adjoint relative deviation
dir. n VEV CEV VEV CEV

0 −6.5641 · 10−7 −6.6630 · 10−7 −6.8933 · 10−7 5.02% 3.46%
x 1 1.4776 · 10−6 1.4215 · 10−6 1.4495 · 10−6 −1.90% 1.97%

2 −1.9386 · 10−7 −2.0741 · 10−7 −2.2226 · 10−7 14.65% 7.16%

0 9.4911 · 10−7 9.5607 · 10−7 9.6685 · 10−7 1.87% 1.13%
θ 1 −1.5690 · 10−6 −1.5146 · 10−6 −1.5769 · 10−6 0.51% 4.11%

2 1.1978 · 10−7 1.4356 · 10−7 1.5120 · 10−7 26.24% 5.32%
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the imaginary part with respect to deformations of degree two, but these sensitivities themselves
are quite small - the functional is almost constant in this region (cf. Fig. 4) - and therefore prone
to numerical errors.

δx δθ δx δθ

δ δ

Figure 5: Comparison of sensitivities from adjoint and forward process.

In Fig. 5 the adjoint sensitivities are compared to finite differences from the complete for-
ward process described above. It can be seen that there is a good agreement if the CEV assump-
tion is applied in the forward process. But also the forward results including the turbulence
model agree qualitatively with the adjoint results. In some cases the adjoint results are even
closer to the forward VEV than to the CEV results, which is probably due to a cancellation of
errors.

Inclusion of higher harmonics
To assess the influence of higher harmonics in the harmonic balance solver on the aeroelas-

tic analysis, we also conduct computations including up to four harmonic components. Only the
second harmonic has an observable effect on the aerodynamic work (see Fig. 6), but the differ-
ence is much smaller than the changes observed when varying the geometry (compare Fig. 4).
Therefore it seems to be justified to perform the sensitivity analysis with only one harmonic.

Nevertheless, we also want to test the performance of the adjoint harmonic balance solver
for larger numbers of harmonics. In Fig. 7(a) the convergence of the GMRES algorithm includ-
ing different numbers of harmonics is shown. Adding a second harmonic makes it considerably
slower, while the third and fourth harmonic have only a small effect on the convergence rate.
The impact of including higher harmonics on the sensitivities resulting from the complete ad-
joint process is indeed also relatively small, as can be seen in Fig. 7(b). In accordance with
the forward results, at most the second harmonic has a visible effect. For clarity, deformations
yielding very small sensitivities (absolute value less than 5 · 10−7) have been omitted from the
plot.
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Figure 6: Convergence of real and imaginary parts of the modal force with respect to the number
of harmonics included.

(a) Normalised L2 residuals of the adjoint HB solver.
hk denotes the highest harmonic included.

θ
θ
θ

δ
δ

(b) Absolute values of sensitivities for selected
geometry changes.

Figure 7: Adjoint process for real and imaginary parts of the modal force with different sets of
harmonics.
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CONCLUSIONS
We have presented an adjoint process chain for the analysis of forced response phenomena

in turbomachinery employing an “external” coupling between different blade rows. It can be
used to compute approximately the sensitivities of the modal force for a given eigenmode of
one blade row with respect to geometry changes of a neighbouring blade row. This process has
been successfully applied to a 3D turbine stage configuration and validated by comparison with
forward harmonic balance computations.

However, there are several effects in the blade row interaction which are not taken into ac-
count by our process, but are in general not negligible. First, the coupling is only applied to a
selected circumferential mode, but a change in the geometry does not only influence the har-
monic fluctuations, but also the time-mean flow. Second, the unsteady flow in the downstream
blade row - in our case the rotor - also has an impact on the upstream blade row, which is also
neglected. For more accurate sensitivity computations a complete coupling at blade row inter-
faces is needed in the adjoint process. Moreover, the assumption of a constant eddy viscosity
for small geometric changes is not always valid for the considered deformations and flow con-
ditions. Both aspects - blade row coupling and the inclusion of turbulence models in the adjoint
solver - will be subject to further research.

Another point which has to be investigated more closely is the performance of the adjoint
harmonic balance solver. While the computation times are comparable to those of the forward
solver, the memory requirements are much higher, in particular if many harmonics are included.
In this respect it could be interesting to test alternative solution procedures for the adjoint equa-
tions.
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