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ABSTRACT
Supercritical CO2 (S-CO2) has a density as high as that of its liquid phase while the viscosity
remains closer to its gaseous phase. S-CO2 has the potential to be used as a working fluid in
compressor since it requires much less work due to its low compressibility as well as relatively
small flow resistance. Besides the material properties and design calculations, the thermophysi-
cal properties of working gases play a vital role in the design and efficiency of various machinery
such as compressors, turbines, etc. For the analysis of the fluid dynamic performance of these
machinery, there is, no standard procedure for selecting a suitable equation of state (EOS). Fur-
ther, the performance of the compressor is mainly affected by shock waves occurring near blade
section at high temperature and pressure. To understand the influence of real gas effects on the
formation of a shock wave, in the present work the S-CO2 flow through a convergent-divergent
nozzle, is theoretically analyzed. The thermophysical and transport properties calculated with
the different equation of state (EOS) are used to estimate the flow characteristics.
A series of equations based on one-dimensional gas dynamics theory along with the real gas
properties have been theoretically solved with a computer program to predict the compressible
flow of S-CO2. The solutions for the shock strength, total pressure loss, and location of the nor-
mal shock wave at different back pressure conditions are obtained. Using Becker’s solutions
with varying viscosity and thermal conductivity estimated from each EOS, the entropy distri-
bution inside the normal shock wave and the thickness of the shock front are calculated. The
formation of shock wave is found to be significantly influenced by the real gas effects particu-
larly at high pre-shock Mach number.
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NOMENCLATURE
A Cross sectional area, m2

κ Isentropic exponent
M Mach number
P Pressure, N/m2

T Temperature, K
ρ Density, kg/m3

v Specific volume, m3/kg
u Velocity, m/s
x Distance coordinate along the nozzle axis from throat, mm
Cp Specific heat constant at constant pressure, J/kg-K
ṁ Mass flow rate, kg/s
R Specific gas constant, J/kg-K
h Enthalpy, J/kg
S Entropy, J/kg
Z Compressibility factor
ξ Dimensionless distance coordinate
V Dimensionless velocity
ω Acentric factor
λ Thermal conductivity, W/(m-K)
µ Dynamic viscosity, N-m/s

Subscript
t Total state
s Static state
1, 2 Upstream and downstream state of the shock wave respectively
in Nozzle inlet
th Throat section of nozzle
e Exit section of nozzle
r Reduced property i.e., ratio of the property value and its value at the critical point
0 Stagnation condition at inlet
cr ratio for the chocked nozzle
superEntire flow in the divergent section is supersonic
sub Entire flow in the divergent section is subsonic

Superscript
R Reference fluid
0 Simple fluid

Coefficients used in EOS
a,b,c,d, A0, B0, C0, D0, B, C,D,α,β,γ,c4

INTRODUCTION
Carbon dioxide above its critical point attains a supercritical state and exhibits certain peculiar

properties such as higher density as a liquid but with a lower viscosity comparable to a gas. This
supercritical carbon dioxide (S-CO2) has a wider range of engineering applications such as in the
enhanced oil recovery, caffeine extraction, drying aerogels, textile dying, dry cleaning, etc. S-CO2
has become a subject of vital research interest for investigators all over the world mainly due to its
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interesting characteristics as well as its potential applications (e.g. Baltadjiev et al. (2015); Ahn et
al. (2015)). In thermodynamic power cycles, the high-density property of S-CO2 is utilized to reduce
compressor work, thereby augmenting the effective power output of the cycle. This property also
helps to achieve a similar level of output power by using only a smaller sized compressor. Nakagawa
et al. (2011) studied an application of S-CO2 as a refrigeration fluid and found that the efficiency of
the refrigeration cycles utilizing S-CO2 increases considerably. Moreover, easy availability of CO2
makes it cheaper to procure and operate inside a power cycle, compared to most of the other types of
working fluids. The most crucial factor about S-CO2 is that it can attain supercritical state relatively
easily, close to the standard ambient temperature, without employing any powerful heating systems.
Hence, the research on the power cycles based on S-CO2 as a working fluid has substantially increased
in last few years.

The thermo-physical properties of CO2 such as density, local speed of sound and specific heat
capacity vary abruptly above the critical point which, will, in turn, affect the performance of fluid
machinery. Computational tools have difficulty in predicting these real gas effects of S-CO2 due to
lack of proven EOS. Despite the availability of many EOS, not many EOS were tested and explored
for their applicability to S-CO2. The performance of the compressor is mainly affected by shock
waves occurring near blade section at high temperature and pressure. The formation of these shock
waves was affected by the real gas effects, and hence it is vital to understand the quality and behavior
of the each equation of state, and it is also necessary to examine how these influence the flow field
and its behavior in shock formation. Detailed study on the effect of real gas effects on flow properties
inside shock wave is carried out using Becker’s solution (Khidr and Mahmoud (1985); Anand and
Yadav (2008)). To the best knowledge of the author, there is no comparative study on this case with
different EOS at same conditions is available. Ahn et al. (2015) state that for the power cycles based
on the S-CO2, the turbine inlet temperature approximately varies from the range of 700K - 1100K.
To carry out high speed flow experiment at very high pressure and temperature is practically diffi-
cult. So it is indispensable to study the predictions of each EOS on supercritical CO2 compressible
flow. Hence, for this work, the condition for S-CO2 is considered with the temperature at 1100K and
pressure 500 bar. The present work to explores the real gas characteristics of S-CO2 flow through a
convergent-divergent nozzle with the different equation of state (EOS) at different conditions. The
EOS developed by Aungier, 1995 (ARK), Peng and Robinson, 1976 (PR), Boston and Mathias, 1980
(PRBM), Plöcker, 1978, (LKP), Benedict-Webb-Rubin, 1940 (BWR) and Span and Wagner, 1996
(SW) are considered. The National Institute of Standards and Technology developed a program REF-
PROP (REFerence fluid PROPerties) to calculate the thermodynamic and transport properties of the
fluids accurately. For the calculation of thermophysical properties of CO2, NIST-REFPROP utilizes
SW EOS and hence throughout this work, SW EOS is represented as NIST. The real gas effects in
the shock front of S-CO2 at different upstream Mach numbers are studied with varying pressure ratios.

A computer code is written based on the series of one-dimensional equations and the equations
of states, to examine the compressible flow of S-CO2 through a convergent-divergent nozzle. The
behavior of compressible flow of supercritical CO2 is compared with gaseous CO2 for the same pres-
sure ratio. The real gas effects on compressible flows of S-CO2 are considerably different than that
of G-CO2. Most of the flow and fluid properties predicted with various EOS are significantly varies
with each other.

1 Theoretical Analysis
Real gas equations of state
At standard atmospheric pressure and temperature, the CO2 behaves as an ideal gas, and its com-

pressibility factor equals to unity. However, at high temperature and pressure, the compressibility
factor varies from unity, due to real gas effects. In order to predict this real gas effects, six different
EOS are considered for analysis of the real gas effects in the compressible S-CO2 flow. The table (1)
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Table 1: Summary of equations of state

EOS Functional form
Critical Pressure
(bar)

Critical Temperature
(K)

ARK P = RT

v − b
− a

v(v + b)
73.773 304.13

PR P = RT

v − b
− a

v(v − b) + b(v − b)
73.830 304.21

PRBM P = RT

v − b
− a

v(v − b) + b(v − b)
73.830 304.21

LKP
Z = Z0 + ω

ωR
(ZR − Z0)

73.830 304.21

Z0orZR = (1 + B

vr
+ C

v2
r

+ D

v5
r

)

+ c4

T 3
r v

2
r

+ (β + γ

v2
r

)exp(−γ
v2
r

)

BWR
P = ρRT + (B0RT − A0 − C0

T 2

+ D0

T 2 )ρ2 + (bRT − a− d

T
)ρ3

+ α(a+ d

T
)ρ6 + cρ3

T 2 (1 + γρ2)exp(−γρ2)

73.830 304.21

shows the summary of the various equations of states that are adopted for this study, along with their
critical fluid properties.

Governing Equations
The supersonic flow of supercritical CO2 at high pressure and temperature is analyzed theoreti-

cally based on the equation derived with the assumption of quasi-one-dimensional, inviscid, isentropic
flow and ideal gas equation of state. The equations are summarized in expressions (1) to (3). S-CO2
is at high temperature and pressure and hence it is highly compressed and its compressibility factor
deviates much from unity. At this point, the assumption of perfect gas behavior losses its basis and
instead the qualities of real gas must be assumed. Therefore, in order to approximate the the behav-
ior of real gas, all the properties (isentropic exponent, viscosity, density and local speed of sound)
required in the above equations are substituted after calculating with each EOS.

A

Ath
= 1
M

{( 2
κ+ 1

) [
1 +

(
κ− 1

2

)
M2

]} κ+1
2(κ−1)

(1)

Pt
Ps

=
{

1 +
(
κ− 1

2

)
M2

} κ
κ−1

(2)

Tt
Ts

= 1 + κ− 1
2 M2 (3)

The jump in values of thermodynamic properties across the normal shock can be expressed in
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equations (5) to (7).

Ps,2
Ps,1

= Pt,2
Pt,1

[
1 +

(
κ1−1

2

)
M2

1

] κ1
κ1−1

[
1 +

(
κ2−1

2

)
M2

2

] κ2
κ2−1

(4)

Ts,2
Ts,1

= Tt,2
Tt,1

[
1 +

(
κ1−1

2

)
M2

1

]
[
1 +

(
κ2−1

2

)
M2

2

] (5)

M2 = 2
κ2 − 1


(
Pt,2
Ps,2

)κ2−1
κ2

− 1

 (6)

ht = CpTt = constant (7)

Jhonson (2013) derived an exact one-dimensional solutions to the equations of fluid dynamics
which analytically captures the profile of shock fronts. For analysis of velocity distribution, a non-
dimensional shock front the equation (8) derived by Jhonson (2013) are adopted. Morduchow and
Libby (1949) derived solutions for the viscous, heat conducting and compressible gas and obtained
expressions for calculating the properties distribution through the shock front. For calculations of
distribution of the various properties in the shock wave the work done by Morduchow and Libby
(1949) are adopted as shown in the equations (9) - (11).

ξ = 2
κ+ 1 ln[(u1 − u)( u1

u1−u2
)(u− u2)( −u2

u1−u2
)] (8)

ρ

ρ1
= u1

u
= 1
V

(9)

P

P1
= 1
V

[
1 + κ− 1

2 M2
1 (1 − V 2)

]
(10)

S − S1

Cv
= ln

{[
1 + κ− 1

2 M2
1 (1 − V 2)

]
V κ−1

}
(11)

The mass flow rate through the nozzle is calculated using the following equation,

m. = AthP0

√
κ

RT0
Mt(1 + κt − 1

2 Mt
2)− κt+1

2(κ−1) (12)

Nozzle geometry considered by Nagakawa et al. (2008) is extensively studied for the two-phase
CO2 compressible flow. Similar nozzle geometry with shortened divergent sectional length of 8.38
mm as shown in figure (1) is considered for the present work. The divergent section is reduced to
avoid pressure or temperature dropping below the critical point during expansion and hence the phase
change is prohibited. The geometry of the two dimensional convergent-divergent nozzle consists of
10 mm inlet height and 0.4 mm throat height. The length of the convergent section is 15 mm, and the
half divergent angle is 0.48◦. The convergent section is divided into 1,000 locations, and the divergent
section is divided into 2,700 locations to reduce the uncertainty due to the frozen limit assumption
and to predict the shock wave location accurately.

From the initial pressure and temperature at the nozzle inlet, the isentropic exponent, κ is calcu-
lated for a particular EOS. Using the area-Mach relation as indicted in equation (1) and κ, the Mach
number at the inlet is calculated. For calculation of properties at next location along the location of
the nozzle flow, an assumption of frozen flow limit, i.e., constant κ is considered between two adja-
cent locations. Area ratio at the next nozzle location and κ value are used to find the Mach number
at the next nozzle location. With κ and the calculated Mach number, pressure and temperature at the
next location are calculated using isentropic equations summarized in equations (2) and (3). From
the newly calculated pressure and temperature, the κ value at the current location is updated with
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EOS. This procedure is repeated up-to-the nozzle exit. If the calculated exit pressure, is lower than
the actual back pressure, then a normal shock is introduced at an appropriate position in the different
section of the nozzle, such that rise in pressure aft shock compensate the exit pressure. The jump in
flow properties is determined across a normal shock from equations (4)-(7).

Figure 1: Dimensions of the two-dimensional converging -diverging nozzle considered

For the study of flow properties inside the normal shock wave, a region with a continuous change
in flow properties is considered within the shock wave called shock front. For the S-CO2 initial
pressure of 500 bar and temperature of 1100K was considered, while for gaseous CO2, the initial
pressure of 0.75 bar and 277.78K were considered. The initial conditions are carefully taken into
consideration such that no phase change occur anywhere inside the nozzle.

2 Results and Discussion
The influence of variation in the fluid properties predicted from different EOS on the flow proper-

ties of a nozzle at various conditions is summarized in this section.

Real gas effects in nozzle flow without shock wave
For a choked nozzle, the ratio between the pressure at the throat (Pth) and the inlet stagnation

pressure (P0) is called throat critical pressure ratio, Pth,cr. Table (2), shows the variation in prediction
of Pth,cr for S-CO2 while using different EOS. For the same nozzle geometry, the difference in the
critical pressure ratio between S-CO2 and G-CO2 is mainly due to the variation in the κ value due to
the high temperature and pressure of S-CO2. The second critical pressure ratio, Psuper,cr is the ratio
between the static pressure at the nozzle exit section (Pe) to the total pressure at the inlet (P0) during
the flow in the divergent section is completely supersonic without any shock waves. The expansion
of G-CO2 flow through the nozzle is 16% more than S-CO2 for same nozzle geometry which results
in higher Msuper,e for G-CO2 than S-CO2 as tabulated in table (2). Hence, the exit Mach number
decreases due to the real gas effects.

Mass flow is the another important flow factor in a choked nozzle flow. From equations (12), it
can be observed that the mass flow rate mainly depends upon κ and M for the constant Pt, Tth and
Ath. While keeping the total pressure as constant at inlet and decreasing the back pressure, before
the chocking condition the different EOS predicts the mass flow rate as same. But for the choked
nozzle, the mass flow rate predicted by various EOS are found to be vary and maximum difference in
prediction is found btween BWR EOS and ARK EOS as shown if figure (2). This indicates that the
variation in the real gas effects due to the different EOS is negligible before the chocking condition.

Real gas effects in the nozzle flow with shock wave
For fully isentropic flow through the nozzle, it is found that values of static pressure at the exit

to the total pressure at the inlet (Pe/P0), calculated by each EOS is different from the other for the
same nozzle geometry. The back pressure ratio (BPR) is a primary governing factor for an exit Mach
number and it is defined as the ratio between the back pressure and inlet total pressure.
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Figure 2: Mass flow rate and the variation of back pressure ratio in nozzle

Table 2: Flow conditions for the isentropic and chocked nozzle flow

State EOS Pth,cr Psub,cr Psuper,cr Msuper,e

S-CO2

Ideal gas 0.568 0.863 0.238 1.65
PR EOS 0.563 0.860 0.232 1.66
NIST 0.560 0.859 0.231 1.66
PRBM 0.566 0.862 0.235 1.65
BWR 0.567 0.863 0.235 1.65
LKP 0.569 0.863 0.238 1.65
ARK 0.572 0.866 0.241 1.64

G-CO2 Ideal 0.553 0.859 0.205 1.70

In order to analyze the real gas effects on pressure distribution along the axial length, the back
pressure (Pb) is increased from the Psuper,cr tabulated in table 2. Increasing the back pressure (Pb) with
keeping the inlet total pressure (P0) constant, in order to compensate the rise in the back pressure, a
normal shock forms inside the nozzle. The normal shock wave occurs at a different length from throat
section for various EOS for the same pressure ratio as shown in figure (3). Normal shock location for
G-CO2 is always ahead of the S-CO2 as shown in figure 3. The prediction of normal shock location
by LKP EOS is much behind other EOS for both lower and higher back pressure ratios. Further
increasing the back pressure ratio will result in a condition when sonic speed is attained at the throat,
but with subsonic exit Mach number without any normal shock. The pressure ratio between Pb and
P0 at this condition is called the first critical pressure ratio, Psub,cr. This phenomena occurs at BPR of
nearly 0.86 for both S-CO2 and G-CO2 and with 0.5 exit Mach number for all six EOS considered.
This indicates that at the lower subsonic Mach number, the variation in the flow characteristics due to
real gas effects is invariant with different EOS. However, there is appreciable variation in the Mach
number and the pressure ratio for the supersonic flow case.

Effect of real gas in the shock front
The equations based on Becker’s solution are used to analyze the change in properties inside

the shock front. The various real gas effects are introduced in shock front analysis by substituting
the values of specific heat capacity, viscosity and thermal conductivity predicted from different real
gas EOS. As the BPR increases, shock wave moves towards the throat and pre-shock Mach number
decreases which results in increasing shock thickness as shown in the figure (4a). Dissipative loss
is the principal mechanism for pressure loss in shock. For lower BPR, the pressure loss predicted
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Figure 3: Pressure distribution for the back pressure ratio (BPR) of 0.7 and 0.8. No distinction is visible be-
tween the ARK and BWR at both BPR. At BPR of 0.8, the distinction between the PR and PRBM is
hardly visible.

by SRK EOS is relatively higher than other EOS while the prediction of BWRS EOS is relatively
lower. This difference in total pressure loss shown in figure 4-(b) directly corresponds to the variation
in prediction of shock wave location as shown in figure 3. Except NIST, all other EOS have higher
pressure loss compared to G-CO2 for different ranges of pressure ratio. Interestingly at a pressure
ratio of 0.80, the pressure loss due to NIST is suddently decreases and becomes same as that of G-
CO2 which is based on the ideal gas EOS. Similiarly, ARK EOS also have the sudden decrement as
seen in Figure (5-a) shows the variation of total pressure loss for various pressure ratios.

(a) Shock thickness (b) Entropy Increment

Figure 4: Variation of the shock thickness and entropy increment for different back pressure ratio

Figures (4-a) and (5-b) shows the variation of shock thickness and entropy across shock. Regard-
ing the various EOS, it can be concluded that, in contrast with what one may expect, the flow property
prediction by NIST is not different from other EOS. The difference in the shock properties between
G-CO2 and S-CO2 is more pronounced at lower BPR than at higher BPR.

Likewise, the change in pressure loss, the variation in prediction of shock thickness, the entropy
variation is also a valid parameter for shock analysis. While all other properties like velocity, pres-
sure and temperature distribution changes monotonically in the shock front, the entropy distribution
changes in a bell shape manner. The effect of EOS on shock front analysis is shown in figure 6. Be-
fore reaching a particular entropy increment after the shock, the entropy reaches a peak value inside

8



(a) Total pressure loss (b) Shock strength

Figure 5: Variation of the total pressure loss and shock strength for different back pressure ratio

the normal shock wave where exactly the transition from supersonic to supersonic takes place. At
lower BPR, the difference in prediction of entropy peak inside the shock front is negligible for all six
EOS. Each EOS predicts the net entropy and the peak entropy generation inside the shock differently
at different BPR. The peak value of entropy calculated with NIST is lower than all EOS at BPR =0.68,
but it is higher than all other EOS at BPR=0.82. Further the calculation of the location of maximum
entropy increment inside the shock with the NIST, is also found to be different from other EOS. This
indicates the influence of real gas effects in the prediction of shock properties. The change in entropy
value predicted by different EOS converges as the BPR decreases.

Figure 6: Variation of entropy inside shock front for back pressure ratio (BPR) of 0.68 and 0.82. Except for
NIST, the entropy attains it peak value at the dashed vertical line.

9



3 Conclusion
Based on the series of one-dimensional equations, Becker’s solution and with six different types of

EOS, a computer code is developed to analyze the S-CO2 flow at high pressure and high temperature
in a C-D nozzle. The real gas effect on S-CO2 and G-CO2 on one-dimensional nozzle flow for various
back pressure ratios is investigated using the code. The effects of EOS on the flow property and fluid
property in the nozzle for different pressure ratio were investigated from the data generated by the
computer program.

The flow properties are calculated for S-CO2 at various nozzle pressure ratio with ideal gas EOS,
Peng-Robinson EOS, Peng-Robinson-BM, SW, LKP, BRWS and SRK. The flow field is compared
with the same nozzle pressure ratio for G-CO2 flow. The deviation in specific heat ratio prediction by
different EOS are known to be the main reason for the change in the flow property in the supercritical
CO2. In fact, variation in the flow properties is qualitatively similar to one another even though
the fluid properties predicted by different EOS are not. Some fluid and flow properties are virtually
unchanged for different EOS. The difference in the value of properties predicted by different EOS is
minor. The pressure distribution, shock thickness and entropy distribution in the shock front is also
calculated for varying viscosity and thermal conductivity. The prediction of shock strength and the
shock thickness varies from one EOS to another. The shock properties like entropy and total pressure
loss is found to vary linearly for both G-CO2 and G-CO2 for changes in back pressure ratio. All
EOS predicts, the entropy distribution of S-CO2 in an unsymmetrical bell shape, but the peak and
final entropy value differs from one another. The deviation in flow properties with EOS in G-CO2
and S-CO2 is relatively less for lower back pressure ratio than for higher pressure ratio. However for
the first time in the present work, the variation of properties inside shock front has been explained in
terms of various EOS.
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